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Representing problems using logic

Inference (Reasoning)

* Is the process of generating a new correct statement

from previously existing correct statements/ ® ® @ ®
knowledge, to make appropriate actions P =
 Knowledge: Information and knowledge about a ‘ o }—)[ |
certain field. Represented in the form of sentences ©

or propositions

« Knowledge base (KB): represented in a specific
form, creating a knowledge language

Logic is a language in which each sentence in the R PrEREE
language represents a true or false value. Logic: Kiciiteeige = RepFesentation - Reasonliy - AEHch

* Represent the Knowledge

 Reasoning(Inference) based on the Knowledge
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Representing problems using logic

Problem Description
- A Cave of 4 x4 rooms
- Wumpus, the monster
- PIT, a bottomless room
- Agent: 5 sensors, 1 arrow,

- Goal: find the Gold and escape from the cave

= A Knowledge-Based Agent is needed
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Representing problems using logic

Inference (Reasoning)

e Performance measure: +1000 for climbing out of the cave with the gold, —1000 for
falling into a pit or being eaten by the wumpus, —1 for each action taken, and —10 for
using up the arrow. The game ends either when the agent dies or when the agent climbs

PEAS Descriptions
out of the cave.

e Environment: A 4 x4 grid of rooms, with walls surrounding the grid. The agent al-
ways starts in the square labeled [1,1], facing to the east. The locations of the gold and
the wumpus are chosen randomly, with a uniform distribution, from the squares other
than the start square. In addition, each square other than the start can be a pit, with
probability 0.2.

e e Actuators: The agent can move Forward, TurnLeft by 90°, or TurnRight by 90°. The
~ Br Sezp — agent dies a miserable death if it enters a square containing a pit or a live wumpus. (It
cocE e is safe, albeit smelly, to enter a square with a dead wumpus.) If an agent tries to move
§Stench § //B’ee\ze_// forward and bumps into a wall, then the agent does not move. The action Grab can be
sl used to pick up the gold if it is in the same square as the agent. The action Shoot can
\/ be used to fire an arrow in a straight line in the direction the agent is facing. The arrow
continues until it either hits (and hence kills) the wumpus or hits a wall. The agent has
only one arrow, so only the first Shoot action has any effect. Finally, the action Climb
5 g ccoc /B,-e\eze—// can be used to climb out of the cave, but only from square [1,1].
Stenc

cecw B
4 éStench ;_B@{e//

-
h e Sensors: The agent has five sensors, each of which gives a single bit of information:

— In the squares directly (not diagonally) adjacent to the wumpus, the agent will
perceive a Stench.!

— In the squares directly adjacent to a pit, the agent will perceive a Breeze.

In the square where the gold is, the agent will perceive a Glitter.

When an agent walks into a wall, it will perceive a Bump.

— When the wumpus is killed, it emits a woeful Scream that can be perceived any-
where in the cave.

s~ e

START

The percepts will be given to the agent program in the form of a list of five symbols;
1 ) 3 4 for example, if there is a stench and a breeze, but no glitter, bump, or scream, the agent
program will get [Stench, Breeze, None, None, None].
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Representing problems using logic

Inference (Reasoning)

The First Two Steps

14 24 3.4 44 = Agent 1,4 24 34 44
B = Breeze
o G = Glitter, Gold
4 S Stonen ~Breeze —| L1 OK = Safe square
1.3 23 3.3 43 P =Pi 1.3 2.3 < g 43
ﬁ%\ez/e/ S = Stench
S s .
SiSiGES B V = Visited
3 5\ S‘telnc’hé PIT REETE W = Wumpus
12 22 3.2 42 1.2 22, [32 42
“ZBreee
2 égtgnth ;_Br&{e/ OK OK
1.1 2.1 Y 41 1,1 2.1 3.1 41
1 “hroeze — | W | ZPee v B
START 0K OK 0K OK
1 2 3 4 (a) (b)

Figure 7.3 The first step taken by the agent in the wumpus world. (a) The initial situation,
after percept ([None, None, None, None, None|. (b) After moving to [2,1] and perceiving
[‘\'u/u , Breeze, None, None, None.
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Representing problems using logic

Inference (Reasoning)

Two Later Stages

14 24 34 44 = Agent 14 24 34 44
4 < Sienen % B = Breeze P2
G = Glitter, Gold
A OK = Safe square
e ¢ = S G
V = Visited
B
W = Wumpus
e
2 |S&&%S L 1,2 22 32 4,2 12 o |22 3.2 42
S Vv v
OK OK OK OK
1 R? =Gl rir
1.1 2.1 B 3.1 - 41 1) 2.1 3.1 . 41
START P! B P!
A Y Vv AY AY
1 2 3 4 OK OK OK OK
(a) (b)

Figure 7.4 Two later stages in the progress of the agent. (a) After moving to [1.1] and then
[1.2]. and perceiving |Stench, None, None, None, None|. (b) After moving to [2,2] and
then [2.3]. and perceiving [.S'fr nch. Breeze. Glitter. None. None).
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Propositional logic

Definition
- A proposition is a statement that can have only one of two truth values: true (T, 1) or false (F, 0)

Reality Propositional logic
"“If it rains, the sky Is cloudy." P="it rains"

Q="the sky is cloudy"
It's raining Assuming:
So: "The sky is cloudy" « P->Q:True

e P:True

So -> Q : True (Moalus Ponens rule)
So: "The sky is cloudy”
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Propositional logic

Definition
- A proposition is a statement that can have only one of two truth values: true (T, 1) or false (F, 0)

Reality Propositional logic
"If An had a lot of money; she would go P="An had a lot of money"
shopping Q="An go shopping"
Assuming:
An wouldn’t go shopping . P->Q:True
So: "An don't have a lot of money"
e —Q:True

So -> 7P :True (ModusTollens rule)

So: "An don't have a lot of money"
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Propositional logic

Syntax & semantic

« 2 logic constant: True, False
* Parentheses: ()

* Logical operations
Conjunction (and): A
Disjunction (or): ¥
Negation (not): -
Implication: =>
Equivalence: <=>

© O O O O

If P and Q are formulas:

« PAQ:P ANDQ

« PYQ:PORQ - P=>Q: PlInferQ
« P <=>Q: Pequivalent to Q
« - P NOT P
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Propositional logic

Syntax & semantic Sentence — AtomicSentence | ComplexSentence

AtomicSentence — True |False |P| Q| R ...
ComplexSentence — = Sentence

® Atomic sentence: a single clause symbol (or
& Y ( | (Sentence A Sentence )

True/False constant). For example: P, Q, Rain.

| (Sentence V Sentence )

e Complex sentence: combined from smaller | ( Sentence = Sentence )

sentences using connective. For example: =P, P A | ( Sentence < Sentence )
Q,(PV Q)=R.

e Literal: an atomic sentence or its negation. For
example: P (positive literal), =P (negative literal).

e Clause (clause): collection (V) of literals. For
example: (P V -Q V R)

Atomic Sentences

_ Complex Sentences
- An atomic sentence states a fact

Brother(Richard, John) read as "Richard is a Brother of John" ) Ioglcal connectives(—, AV, =, <,..) along with atomic sentences
Married(Father(Richard), Mother(John)) —Brother(Richard, John)
- can be True or False  -- semantics/interpretation —King(Richard) = King(John)
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Propositional logic

Syntax & semantic

Pl Pead

false true true
true true false
true false false
true true true

Truth table of logical operations
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Propositional logic

Syntax & semantic

» These logical operations have the properties
of commutativity, associativity, and |
distributivity. | AVBAC AV (B A C)

- (Negation) — A (Conjunction) — V AAB=CVD | (AAB)= (CV D)
(Disjunction) — => (Implication) — ¢ |
(Eau@ PR Yroup clauses to specify order of =

priority.
o Forexample: AABYC)—=DAE

A=>BVCoD |[(A=>BVC)<D
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Propositional logic

Syntax & semantic

« The semantics of propositional logic allows us to determine the meaning of formulas in
the real world.

« A fact can only be true or false
« For example: P =. "Hanoi is the capital of Vietham"
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Propositional logic

Syntax & semantic

Model (world / assignment) — interpretation

e A model mis a way of assigning the value True/False to every propositional symbol.
Each model is "a possible world".

e If there are n symbols, there are 2" models (2" lines of the truth table).

® For example: with 2 symbols P, Q — there are 4 models:

m1 = {P:F’ Q:F}’ m2 = {P=F/ Q:T}, m3 = {P:]: Q:F}I M4 = {P:]; Q:T}

What does "the sentence a is true in model m" mean?

® Assign values to symbols according to m, then calculate from inside to outside according
to the truth table of each connective (-, A, V, =, &) — obtain True or False.

e Notation: m = d reads "m satisfies a" (a is true in m).

e M(a) = set of all models that make a true.

Al
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Propositional logic

Syntax & semantic

Model (world / assignhment) — interpretation

For example, calculating the value for each model.

Consider the formulaa = (P V Q) A -Q. Evaluate a across all four models:

Model P Q PV Q 7Q a=(PvQ) A "Q
m, F F F T F
m, F T T F F
m, qh F T T T
m T T T F F

— A is true only in m3, i.e., M(a) = { ms } = {P=T, Q=F}.
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Propositional logic

Syntax & semantic
Entailment (k) — "logically implies”
e KB F a: "KB entails a," meaning: a is true in every model where KB is true.
e |f one accepts KB, one is compelled to accept a.

® In terms of model sets: KB F a < M(KB) & M(a) (every world that satisfies KB also
satisfies Q).

How to check for entailment

e Consider all models; only look at models as KB = True ;
e Ifin all of them, o also = True — KB E «.
e Ifthereis even a model KB=True but a=False — KB K a.
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Propositional logic

Syntax & semantic
Entailment (k) — "logically implies”
Example: Given KB = (P = Q) A P, does KB - Q?

Model P Q P=Q KB=(P=Q) AP Q
m, F F T F F
m, F T T F T
m, T F F F F
m, T T T T T

® The KB true only at ms. At ms, Q = True = KB = Q v (this is essentially Modus Ponens
viewed from a semantic perspective).
e Conversely, KB ¥ -Q: because at ms (the only model satisfying the KB), -Q = False.
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Propositional logic

Syntax & semantic
Soundness & Completeness

®  (semantics): KB Fa — "d is true in all models making KB true". This is the truth.
e I (syntax): KB Fia — "a is derived from KB by inference procedure i" (applying rules such as Modus
Ponens, resolution...). This is the calculator that calculates it.

Does procedure - match truth F ?

Soundness

e IfKBFq,then KBEaQ.
® Meaning: The procedure derives only what is actually true—it never yields an incorrect conclusion.

(F &S F)
Completeness

o IfKB = a, then KB + a.
e Meaning: the procedure derives everything that is entailed—no truth is missed. (F € +)

“A procedure that is both sound and complete is - identical F: it calculates correctly and has all logical consequences.
That's what we want.”
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Propositional logic

Syntax & semantic
Soundness & Completeness
Example: SOUND Rule — Modus Ponens

From P = Q and P, it follows that Q. ("It is raining" = "the road is wet".)

Checkif KB=(P=Q) AP=Q?

P Q P=Q KB = (P=Q)AP Q

F F T F F

- - ” . . — The KB is true in only one row (P=T,
Q=T), and in that row, Q =T. Thus,

il K .8 o . every model that satisfies the KB also

T T T 4 T satisfies Q — KB = Q. The rule is sound

v.

Al Trong-Nghia Nguyen




Propositional logic

Syntax & semantic
Soundness & Completeness
Example: UNSOUND Rule — Affirming the Consequent

From P = Q and Q, one might infer P. ("Wet road" = "raining"?) — it sounds
plausible but is incorrect: the road could be wet due to a street-watering truck, not

rHReck ifKB=(P= Q) A QF P?

P Q P=Q KB= (P=Q)AQ P

F F il F F

r T T T Fephansidi — Ther-e is a model .{P=F, Q=T} where
the KB is true but P is False. Thus, KB ¥

< . : = T P — the rule is NOT sound X . That

T T T T T model corresponds to the scenario of

"wet ground (Q) but no rain (-P)."
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Propositional logic

Canonical Form

« Two propositions A and B are said to be equivalent (4 = B) if they have the
same truth value (both true or both false) in all possible cases.

(A B) = (BA«) commutativity of A
(aV [3) = (BVa) commutativity of V
(aAB)Av) = (aA(BA7)) associativity of A
(aVvVpB)Vy) = (aV(BV~y)) associativity of V
—(—«) = a double-negation elimination
(x = [B) = (-8 = —a) contraposition
(@ = B) = (—aV 3) implication elimination
(@ & B) = ((a = B)A (B = «a)) biconditional elimination
“(aApB) = (maV -3) DeMorgan
~(aVpB) = (maA-p3) DeMorgan
(aAN(BV7Y) = ((aAB)V (aAvy)) dstributivity of A over V
(aV(BAY) = ((aVB)A(aVy)) distributivity of V over A

Figure 7.11 Standard logical equivalences. The symbols a. /3. and ~ stand for arbitrary
sentences of propositional logic.
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Propositional logic
Canonical Form

= Using only (AND and NOT), or (OR and NOT), we can express any
logical expression.

= Conjunctive Normal Form (CNF)
o Is a conjunction (AND conjunction) of clauses
o Each clause is an OR conjunction of simple propositional symbols
(p1 V..vp )A...A(QqV...VO,)
= Disjunctive Normal Form (DNF)
o Isis an OR of clauses
o Each clause is an AND of simple propositional symbols

(P1 A AP V... V(QqA...AQp)
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Propositional logic

Canonical Form

Al

Transform to CNF
B1,1 & (P1,2 v P2,1)

Step 1: Eliminate Biconditional (<)
Rule: Replace a « B with (o = B) A (B = o)
Result: (B1,1 = (P1,2 v P2,1)) A ((P1,2 v P2,1) — B1,1)
Step 2: Eliminate Implication (=)
Rule: Replace a — B with ~a v 3
Result: (7B1,1 v P1,2 v P2,1) A (7(P1,2 v P2,1) v B1,1)
Step 3: Move Negation (-) Inward
Rule:Use De Morgan's laws and double negation
- (o v B) = na s p
-~ A B) = nav B
- Sna =
Result: (=B1,1 v P1,2 v P2,1) A ((7P1,2 A =P2,1) v B1,1)
Step 4: Apply Distributive Law
Rule:Distribute v over A
-av(Bay)=(avp)a(avy)
Result: (7B1,1 v P1,2 v P2,1) A (=P1,2 v B1,1) A (2P2,1 v B1,1)

Final CNF Form: (=B1,1 v P1,2 v P2,1) A (2P1,2 v B1,1) A (2P2,1 v B1,1)
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Propositional logic

Canonical Form

Transform to CNF

(AvB)—(C—D)

1. Loai bé phép suy ra
—(AvB)v(-CvD)

2. Chuyén ph dinh vao trong ngodc
(ﬂA/\ﬂB)V(—ICVD)

3. Phan phbi
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Propositional logic

Canonical Form

Al

Transform to CNF
Exdcisers: Convert these functions to CNF

13

Pv(=PAQAR)

(—P A Q) v (P A=Q)

-(P=>Q)v(PvQ)
P=Q)=R

(P=Q=R))=({(PAS)=R)

(PAQ=R))=S
PAQ=RAS
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Thank you!
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